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Abstract

Fractional saturation equations for the Monod, Wyman and Changeux model are derived for the case of two
distinct ligands bonding to a host molecule with four ligand sites and two conformational states. A variety of useful
graphical studies can be derived from these equations when applied to normal human hemoglobin with O, and CO
as ligands. For example, the oxygen transport capability of hemoglobin can be assessed at different environmental
CO levels and the concentrations of various liganded species can be displayed as a function of fractional saturation
with oxygen. In addition, the CO pressure in the tissue, pisUe, can be calculated as a function of the tissue oxygen
pressure, pgssue at different environmental levels of CO. In an environment of a given CO concentration, pisue
decreases with ptlssue until a minimum is reached. Further decrease in ptlssue results in a fairly steep rise in pisee,
© 1998 Elsevier Science B.V. All rights reserved.

Keywords: Hemoglobin; Carboxyhemoglobin; MWC; Monod, Wyman and Changeux; Oxygenation curves

1. Introduction with a mixture of oxygen and carbon monoxide,
N
Quantitative studies of the equilibrium between N = M( ECO )
o, 0,

carbon monoxide and hemoglobin date back to
the work of Douglas et al. [1]. Their observations
led to the general statements that have become
known as Haldane’s laws. According to Haldane’s
first law, for a hemoglobin solution equilibrated

where Noo and Ny, are the number of bound
moles of CO and O,; pco and po, are the partial
pressures of these gases and M is a constant
whose value is approximately 220 for human
hemoglobin. This relation appeared to be true
regardless of the extent of saturation with ligand,
* Corresponding author. i.e. independent of the amount of unliganded
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hemoglobin in the solution. Haldane’s second law
stipulates that when hemoglobin is exposed to a
mixture of CO and O,, the total saturation is a
function of py + M-pc, alone, in other words,
for a given value of p,, + M-pco, the fraction of
unliganded hemoglobin remains constant regard-
less of the relative proportions of oxygen and
carbon monoxide. Haldane’'s treatment of the
Hb-0O,-CO equilibrium was extended by
Roughton and Darling [2] who developed a
method of determining oxygenation curves in the
presence of carbon monoxide from a knowledge
of N, alone. The method of Roughton and
Darling has been widely used to assess hemo-
globin’s effectiveness as an oxygen carrier and the
dissociation curves derived from it continue to be
a primary tool of physiologists in understanding
respiratory consequences of carboxyhemoglobin
in blood [3-5].

The objective of this paper is to show that for
the Monod, Wyman and Changeux (MWC) model,
saturation curves for oxygen in the presence of
carbon monoxide can be derived using only com-
binatorial arguments and to present these curves
in ways suitable for discussing the physiological
consequences of the Hb—O,—CO equilibrium. The
original MWC model, in which a polymeric pro-
tein is assumed to exist in two or more conforma-
tional states, has been very useful in explaining
the behavior of regulatory enzymes and the bind-
ing of oxygen to respiratory molecules [6—17].
This model offers a number of advantages over
the Haldane approach. It yields analytical expres-
sions for the saturation curves and eliminates a
cumbersome feature of the Haldane—Roughton
method — the necessity of computing oxygen
curves point by point. Furthermore, equations
derived from the MWC model can be adjusted for
various conditions by proper selection of the
parameters of the model. The model incorporates
Haldane’s laws as a special case when the ratio of
the affinities for the two ligands is the same in
each conformational state, but is not constrained
to assume that the coefficient M remains inde-
pendent of the extent of saturation. There is in
fact considerable evidence that M varies and that
Haldane’s laws are valid only for compositions in
which hemoglobin is nearly saturated with one

ligand [15-18]. Finally, the MWC model provides
convenient analytical expressions from which con-
centrations of various ligated hemoglobin species
can be calculated. It is interesting to note that
doubly and especially triply ligated hemoglobin
molecules exist at very low concentrations over
the entire saturation ranges of oxygen or carbon
monoxide. The low levels of these intermediate
species are an inherent feature of the strong
allosteric nature of the MWC model and it is not
necessary to invoke any special molecular proper-
ties to explain their scarcity.

Analytical expressions derived in this study not
only permit an evaluation of hemoglobin as a
transporter of oxygen in the presence of carbon
monoxide, but also reveal an interesting feature
of carbon monoxide physiology that might not
have been noted before. At a given carboxyhemo-
globin concentration in blood, the tissue CO pres-
sure, pisue steadily drops as the tissue oxygen
pressure diminishes until a certain ptlssue is
reached. Below this ptlssue as the tissue is further
deprived of oxygen, ptlssue starts rising. Depend-
ing on the ambient carbon monoxide pressure,
this rise can be quite steep and the pis'® may
increase by as much as a factor of two relative to
its minimum value.

2. The model

With R;; and T, ; representing the conforma-
tional states of hemoglobin with, respectively, i
and j molecules of two ligands A; and A,, i.e.
T,;=Hb'(A)(A,);, equilibria for the addition
of a ligand to the macromolecule are represented
in terms of species concentrations and ligand
partial pressures as

[Riiq,;] 4—i—]
[Ri,j]] =( i1 )KlRpl

[Tiiagl  (4—i—j
[Ti,j]J =( i1 )KlTpl

0<i<3,0<j<4-i (D
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and

[Rijedd [4—-j—i) x4
[R:,j] =( T+ 1 )KZPZ
[Ti,‘+1] 4—j—i

[T:'j] =( ) )KZTPZ

0<j<3,0<i<4—]j.

where P, and P, are the equilibrium pressures of
the two ligands. For a particular conformation,
the affinity of the protein for a ligand is given by
an intrinsic equilibrium constant, e.g. K;, which
is unaffected by the number of molecules A, and
A, already bonded. The multiplicative factors as-
sociated with the intrinsic equilibrium constants
in Eq. (1) take into account that on a purely
statistical basis, the various equilibria are not all
the same. For instance, a hemoglobin molecule
with two ligands of type A; has two remaining
sites onto which a third molecule can bond yield-
ing a product with three sites from which an A,
molecule may dissociate. The statistical factor for
this case is (4—i—j)/(i+1)=2/3. These fac-
tors may be considered also as the ratio of two
terms, each being the number of ways the bonded
molecules may be arranged on a macromolecule
with four ligand sites. For example, the multi-
plicative factor assigned to the reaction

T tA =T

is

@)1 @1
@i DG+ DI @=i= i)

The original MWC model makes no distinction
between the « and the B protein chain subunits
of hemoglobin and assumes that the two confor-
mational states of the molecule are equilibrated
so that one additional equilibrium equation

L= [Too]/[ Ro,o] (2)

is required. All possible equilibria between dif-
ferent species and conformations can then be
written in terms of Egs. (1) and (2) and the

concentrations of all species can be expressed in
terms of the five equilibrium constants, ligand
pressures and the concentration of one arbitrarily
chosen species, R,,. For example,

[Ro1= 7 )(KEPIR, 11 = (KEP, IR,
= (3 J(KEPO(KER, TRy
= 6(K{P) (KFP,) TRy ]

Similarly, with the definitions ¢, = K] /K] and
¢, =K; /K3,

[T,,]1=6L(c,KRP,)*(c, KEP,) [Ry,]
With o, = KfP, and a, = KXP,, an examination

of several examples suggests that species concen-
trations may be written in general as

_ (4! i j
(3a)
and
_ (4N
Tl = G-
X (¢;;)'(c,@,) [ Ry ] (3b)

The fractional saturation, Y,, is defined as the
number of moles of ligand A, bound to the
protein per unit volume, N, , divided by the num-
ber of moles of sites available to A, per unit
volume, Ny, i.e. the total number of binding
sites, Ny, minus the number occupied by the
ligand, A,;

Mw

ZI{[R 1+[T,;1}

0i

Y, = .
) Z 4—PURI+IT 1}
j=0i=

(4)

J>\I

The total number of binding sites (moles per unit
volume) for the two-state hemoglobin model is
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given by
4 4-j
=4 Z Z {[Ri,j] + [Ti,j]}
j=0i=0

With Eqgs. (3a) and (3b), the numerator of Eq. (4)
can be written in dimensionless form as

’ NAl
N AT 4[R0,0]
3 4-j
~ 3)!
—Eo 2 [(4—.—1)-0—1)'(1)'}
x[afal + L(c,ap) (ca)']. (5)
Let I=i—1and k=j+ 1. Then
3 k
. 3!
N'a, = Eo IZO[(3—k)!(k—I)!(|)!]

X[al'ﬂazkf'—i-L(Clal)Hl(Czaz)k_l].
(6)
Multiplying and dividing by k! and using the

notation for binomial coefficients, Eqg. (6) be-
comes

Ny = i (i)[alz( )alaz

k=0
+Lcla12( )(Clal) (ca)"” }

Introducing unity as (1)~ %, we have
3—-k
Ny =a Z ( )(1) (a, + ay)"
+Lcyay 2 (i)(l)”(claﬁczaz)k,
k=0
@)

which immediately yields

Ny, =a(1+a; + az)3

+Leya (14 oy + )’ (8)

With Egs. (3a) and (3b) and after multiplying
and dividing by (3 —j)!, the denominator of Eq.
(4) becomes
N21
4[Ry,]

3 4-j .
_ (3)! (4-j!

-2 [(3—1)'(1)'} L [(4—I—J)'(I)'}

j= i=0

! —
Nzl—

0
X[aliazj + L(Clafl)'(c2 az)J]

Inserting unity, written as (1)*~1, we have the
result,

4—j )
v e
j=0 i=0

- . .
+L(Cza2)J ( )(1)4_1(01011)']
j=0
=(1-a) ), (3)a2(1+a1)
=0\

3 :
+L(1+ca) ), (?)(C2 a,)' (1 +ca)’
j=0

—U+a)d+a,+a)
+LA+ca)A+ca,+Ca)°.  (9)
The fractional saturation of ligand A, can now be
expressed concisely as
a1+ a; + az)s
+Leya(1+cioy +Cya)’
A+a)d+a, +a)’ '
+LA +c,a)A +ca, +Cya)’

(10a)

Y, =

Interchanging subscripts 1 and 2 gives the frac-
tional saturation of ligand A,;

a,(l+ a;, + a2)3
+Lc,a,(1+ca,+cC, a2)3

A+ o)A+ oy +a,)’

+LA+cpa,)d +ca, +Cya)’.

(10b)

Y,=
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Eqgs. (10a) and (10b) have been derived previously
by Thompson and ter Bush [19] using ensemble
theory.

When discussing the transport capability of
hemoglobin for a ligand, in particular oxygen
transport, the fraction of all binding sites occu-
pied by the ligand, X, is perhaps more useful
than the fractional saturation. This quantity is
defined as X; =N, /Ns. With

r_ NE
N2_4[R0Y0]
B @ 1] @
_,;0[(4—1)!(j)!L_Zo[u—i—j)!(i)!}
X[aliazj-f—L(Clal)i(czaz)j],
then

4o\t a s
N,E = Z (J) ( i J)
j=01"/i=o0
><(l)4*i*1[a1ia2j + L(Clal)i(czaZ)j]

4 (4 ; 4—j
=Y. [azl(l-i-al)
i=0 J

+L(020[2)j(1+01011)47j]1

which immediately leads to

Ny =1+ a; + )" + L(L+ca, +cya,)’

(12)
The quantity X; may now be expressed as
011(1 + al + a2)3
3
- +Lc,a;(1+c; +Coa,) . (138)

- Q+a,+ a2)4
+L(l+c e + C2a2)4

Similarly,

a,(1+a; + a2)3
_ tLleya(l+castg, a,)’
- Q+a, + a2)4
+L(l+ca + Cza2)4

(13b)

2

From the basic definitions of X,, Y,, etc., one can
derive also the symmetrical relations

Y,—1 Y,—1
X,=—2—= and X,=—+— (14)
YZ_Yl Yl_YZ

Finally, Thompson and ter Bush [19] have shown
that the MWC model is consistent with Haldane’s
laws when ¢, = c,.

3. Results and discussion

Precise measurement of the oxygenation curve
for hemoglobin in blood is complicated by the
presence of 2,3-biphosphoglycerate (BPG). In
erythrocytes, the molar concentrations of hemo-
globin and BPG are comparable, but the molarity
of free BPG increases as oxygen binds to the
hemoglobin. An additional complication arises by
the depletion of BPG on standing and by the
presence of small amounts of carboxyhemoglobin
and methemoglobin. Nevertheless, a number of
careful experimental studies allow one to charac-
terize the Hb—O,—CO system with a fair degree
of confidence. We determined the MWC parame-
ters Co,, KSZ and L from oxygenation data alone
and then used these values to select the additio-
nal MWC parameters that characterize the pres-
ence of carbon monoxide. The oxygenation values
used were those of Zijlstra et al. [20] for nine
different human blood samples under standard
conditions (pH =7.4, p.o, =40 torr, T=237°C)
and spanning X, values from 0.1 to 0.95. The
mean BPG concentration was 4.64 mM. Using
these data together with Eq. (13a) for ao =0,
values for L, ¢, and K& were obtained which
minimized S, the sum of the squares of the devia-
tions, between the calculated and experimental
Xo, Vvalues. The search for the best fit was made
systematic by using a three-dimensional grid
whose axes were the three parameters above and
repeatedly calculating S for 26 neighboring points
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about each point, X, {L,co ,aq } examined. The
grid size was refined as needed to find the best fit
(in the least-squares sense). The values found are
L =4.02 X 107, ¢y, =0.00289 and K5 = 3.26 torr.
Virtually identical result can be obtained also
with the data of Kilmartin [21].

The work of Zijlstra et al. [22] on carboxyhemo-
globin provided data for the determination of
Cco- Their study gives values of pg, and Xqo at
Yo, = 0.5 on 26 blood samples from seven donors
at standard conditions. The regression line for
their data is

Py = 25.5 — 27.0- X (torr) (15)

with a correlation coefficient of 0.98. For a given
trial value of c.y, Egs. (10a) and (13b) were
solved together iteratively for ay, and aco at
Yo, =0.50 and at X., values from 0.1 to 0.6 at
0.1 intervals. The least-squares sum, S, was calcu-
lated by comparing the iteratively determined val-
ues of ay, and those given by Eg. (15). The
Newton—Raphson method [23] was used for all
iterative computations. A value of 0.00176 for c.q
yielded the best least-squares fit. The average
relative difference between p, values obtained
from Eq. (15) and Eqgs. (10a) and (13b) using
these parameters is 1.6% over the range of X.o
between 0.1 and 0.5.

The effects of carbon monoxide as calculated
from Egs. (13a) and (13b) and corresponding to
hemoglobin in blood are shown in Figs. 1-4. Fig.
1 presents the effect of various carbon monoxide
pressures on the oxygen saturation curve, Xq, Vs.
Po, These curves are obtained directly from Eq.
(13a) for fixed values of a.g. Eq. (13b) is used to
obtain the content of Fig. 2 where Xq is plotted
as a function of p, at different values of ac. It
is generally acknowledged that K¢, = 225K§  so
that the curves in Figs. 1 and 2 correspond to pcq
values from approximately 0.0 to 0.50 torr. Fig. 2
reveals a counter intuitive aspect of the
Hb-0,-CO equilibrium. When the CO pressure
is below ac, = 100, the presence of O, first en-
hances the binding of CO. For example, at acq =
50, the fractional saturation with CO rises by
nearly 70% from 0.18 to 0.30 as pg, increases
from 0 to 18 torr. Beyond a certain CO pressure,
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Fig. 1. Oxygenation curves of adult human hemoglobin at
different dimensionless pressures, aco, of CO including acq
= 0. The environment is that of the red cell at 37°C, pH of
7.4, 2.3-BPG concentration of 4.64 mM and pco, = 40 torr.

however, X.o uniformly decreases as pg, in-
creases. Enhanced CO binding is a reciprocal
phenomenon; just as within certain limits oxygen
improves carbon monoxide binding, CO, too, in-
creases X, below a certain peo and pg,. The
curves in Fig. 3 are calculated by solving Eq. (13b)
iteratively for acq at fixed values of py, and Xcq
and then determining X, directly from Eq. (13a).
Enhanced O, binding in the presence of small
amounts of CO is clearly apparent in the inset of
this figure.

The tissue p.o values in a person exposed to a
certain environmental p.o can be computed eas-
ily using the MWC model. As blood circulates
through the lungs, it reaches an equilibrium with
the environmental carbon monoxide and the value
of X.o approaches that given by Fig. 2. For
example, using K&, = 225K g , when the environ-
mental a.o is 75 corresponding to pco = 0.101
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Fig. 2. Variation of the fractional saturation, Xco, with pg,
at different dimensionless carbon monoxide pressures.

torr, and po, is 100 torr, X, becomes 0.182,
that is, 18.2% of the total binding sites are occu-
pied by carbon monoxide. The tissue CO pressure
then adjusts so as to acquire equilibrium with the
Xco = 0.182 value at whatever tissue pg, is pre-
sent. If pgS:“e is 40 torr, a typical value in a
person at rest, the tissue a., becomes approxi-
mately 37 or 0.05 torr p.g.

Tissue pco values are plotted as a function of
pgf“e in Fig. 4. An interesting feature is that
pco"® decreases with pg™® down to a certain pg,
value; below this, pisU increases. The minimum
pisue moves to slightly lower Po, values as car-
boxyhemoglobin concentration rises. Fig. 4 was
created by taking the environmental oxygen pres-
sure to be 100 torr and specifying p.o Vvalues
from which alveolar X, values can be calculated
using Eqg. (13b). Since the alveolar X, is the
same as the tissue X, the tissue p.o values are
determined by iteratively solving Eq. (13b) at
specific tissue pg, values.

Mole fractions of the various species can be
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Fig. 3. Xo, Vs. pg, at constant values of Xcq. For given
tissue or environmental (alveolar) values of Xcq and po,, the
required equilibrium Xg is determined.

calculated using Egs. (3a) and (3b) together with
Egs. (13a) and (13b). Figs. 5 and 6 display the
mole fractions of various Hb(O,);,(CO); species as
a function of py, at Xco values of 0.25 and 0.50.
Contributions from both T and R states have
been combined in these graphs. Singly and/or
qguadruply liganded species predominate at all
ligand compositions. The presence of only small
amounts of doubly and triply liganded species is
well-known for the MWC model and its extension
by Szabo and Karplus [24] for the case of one
ligand and is consistent with experimentally de-
termined amounts of intermediate species ob-
tained by Perrella et al. [25] for carbon monoxide
binding to hemoglobin. De Cera et al. [18,26]
have investigated the binding of oxygen and car-
bon monoxide, both individually and competi-
tively, to adult human hemoglobin at near stan-
dard conditions. Using their Adair constants for
the binding partition function obtained for com-
bined experimental data, we calculated mole frac-
tions of the various species for hemoglobin 25%
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Fig. 4. Dependence of tissue pgo on tissue py, at various
alveolar pco values. A value of 100 torr is used for the
alveolar pg,. Here the affinity of R-state hemoglobin for
carbon monoxide is assumed to be 225 times that for oxygen.

saturated in oxygen and 25% in carbon monoxide.
A comparison of the Adair fits with the MWC
model at the same fractional saturation shows
that the MWC model retains somewhat more Hb
in the unliganded state; the agreement among the
remaining species is good except for doubly lig-
anded species. The Adair fits show much more
hemoglobin present with two ligands attached
than do the MWC equations. This is also the case
in the presence of oxygen or carbon monoxide
alone. The near absence of double and triply
ligated species reflects the strong cooperativity of
the MWC model.

The constancy of the Haldane partition coef-
ficient, M, expressed as

o
M = 225( —O) Yo
®co xo2
was examined for two systems in which the ratios
of CO and O, bound to hemoglobin are 0.01 and

Table 1
The Haldane M value as a function of total Hb saturation

xtotal M
r?=0.01 r=0.99

0.05 141 144
0.10 153 159
0.20 175 179
0.30 188 191
0.40 197 198
0.50 203 204
0.60 208 209
0.70 212 213
0.80 216 216
0.90 220 220
0.95 222 222
r=Xco/Xo,

K& =225K§,

0.99. Values for M at different total ligand satura-
tions are given in Table 1. At lower fractional
saturation, M differs somewhat for the two sys-
tems, converging to the same limiting value as
total saturation is reached and Haldane’s law is
obeyed. Similar results have been reported by
Zock [27] in a study based on the Wyman binding
potential.

4. Concluding remarks

Following a detailed analysis of data for the
binding of CO with hemoglobin, Henry et al. [28]
concluded recently that the two-state allosteric
model of Monod, Wyman and Changeux ‘satisfac-
torily explains a demanding set of kinetic and
equilibrium data, but the fits are not perfect’. A
considerable amount of experimental data is now
available on the ligation of oxygen and carbon
monoxide to hemoglobin. Since one of our aims
was to provide saturation curves most useful in
human physiology, we chose whole blood data at
or near standard physiological conditions. The
MW(C parameter values ng =3.26, ¢, = 0.00289
and the quaternary equilibrium constant, L =
4.02 x 10" were determined from oxygenation
data alone. The allosteric parameter c.q =
0.00176 was obtained from data fitted to Eq. (15),
and based on samples 50% saturated in O,. These
results are in good agreement with those given by
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Henry et al. where the data used was adjusted to
slightly different environmental conditions (25°C,
0.1 M CI7) and where oxygen is absent. The
values for c., are almost identical, and those for
L, which is very sensitive to environmental condi-
tions, differ by less than a factor of two. The lack
of direct CO pressure measurements in our choice
of data, however, did preclude the calculation of
individual values for K&, or Klo.

Within the context of CO toxicity, the utility of
the MWC model and the equations derived from
it lies in establishing quantitative relationships
amongst various physiological parameters. Figs.
1-3 display the interdependence between fractio-
nal oxygenation, oxygen pressure, and carboxyhe-
moglobin concentration. A crucial parameter in
assessing toxic effects of carbon monoxide is the
pressure of this compound in the tissue. Fig. 4
gives this parameter at different environmental
levels of CO when the partial pressure of oxygen
in the alveoli remains at 100 torr. The equations
derived in this study, however, permit construc-
tion of similar graphs for any ambient pressure of
oxygen. Such graphs can be useful in assessing
and interpreting physiological consequences of
CO at high altitudes, in hyperbaric chambers,
during diving, and in individuals with ailing respi-
ratory function. The rather steep rise in pgisue
below a certain level of tissue oxygenation has not
been emphasized before and may be a key factor
in understanding chronic low level CO poisoning.
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